Mechanical Vibrations

Forced Vibration of a Single Degree of Freedom System




# Harmonically Excited Vibration

° Physical system [ oz

5

+x f-t';_‘]

— (a) (b) Free-body diagram
mx+cx+kx =F (t) Equation of motion
F (t) is a harmonic force. It may takes one of the following forms:
F(t)=F sinat
F(t)=F, cosat F is the amplitude of force

F(t)=Fe'* w is the frequency of force




# Harmonically Excited Vibration

Consider the form:

M X +CX+KkX = Fel Equation of motion (1)

This 2nd order differential equation is non-homogenuos. Its solution has
two parts

1. Complementary function (Transient response): It is the solution for
the homogeneous equation (described in previous chapter). for £ <1
—sThe solution was written as:

X, (t)=e"" (C,cosa,t +C,sinayt)

2. Particular integral (steady state response: It is the solution for the

non homogenuos equation. Because the force (excitation) is harmaonic
with frequency @ we can expect that the response (solution) is harmonic
with the same frequency o. The solution can be written as

X, ()= Xel® X is called the 'steadty state response amplitude'




# Harmonically Excited Vibration

Ih( f)

0 SUQU/\/\‘-'M -
x,(1) 4
¢ O QUQUQ{/%

(1) = xp(t) + x,(1)




# Harmonically Excited Vibration

mxX +cX +kx =Fge!”
X (t)=Xe!

k -mo® + jew

X =

[k —Me’ + jCw

—-mw’Xe'” + jcoXe!™* +kXe!? =Fe!”

(ol _Eala
Xe'" =Fge

X




# Harmonically Excited Vibration

Substitute the particular integral into equation (1) and solve for X :
X = i

0

(k= @®m)+ JCw
( )

By writing(k —a)zm)+ jcow as

\/(k —a)zm)2 +(cow) e , whereg=tan®

>— IS the"phase

kK —@wm

—* angle" between Force and Response.

|:0
\/(k —~ a)zm)2 +(co)
There for the particular integral can now be writtenas
X, =[X|e!*#  |X]|denotes the" magnitude" of the

X = ‘Y‘e‘”’ where ‘Y‘ -

steady stateresponseamp litude.




# Harmonically Excited Vibration

X| and ¢ may be written as:

i)
\/(1—r2)2+(2cjr)2 ©n
@ =tan‘1( 2/l j

1
The total solution (response) for the equation of motion (1) is:
X({)=x,(@{)+x,()
X () =e " (C,cosmt +C,sina,t )+ |X|e! ™7
Note that C1 and C2 are constants to be dermined from
knowing the inatial conditions of the motion.

X|=

—o

, Where r = 2@ isthe frequency ratio,




# Harmonically Excited Vibration

NOTES:
1. For the force form F(t) =F, sinat = x , (t) = ‘X_‘sin (at - @)
2. For the force form F(t) =F, cosat = X , (t) = X |cos(at — )

3. Transient response (X, (t)) represents a motion that decays with
time and can be neglected after a certain time.

4. Steady state response (x , (t)) Is a harmonic motion with constant
—t amplitude and frequency .

5. The term % Is usually called the "static deflection (o, ). The ratio

X

‘5—‘ Is usually called the "Magnification Factor (M)".
st

M= !

\/(1—r2)2 201y




q Damped Forced Vibration System

* Graphical representation for Magnification factor M and ¢.
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q Damped Forced Vibration System

* Notes on the graphical representation of X.

dFor { =0, the system is reduced and becomes un-damped.

dfor any amount of { > 0, the amplitude of vibration decreases

(i.e. reduction in the magnification factor M) This 1s correct for

| 4 any value of r.
dFor the case of r = 0, the magnification factor equals 1.

A The amplitude of the forced vibration approaches zero when the
frequency ratio ‘r’ approaches the inﬁnity (i.e. M—0 when r —

)

- -/




q Damped Forced Vibration System

* Notes on the graphical representation for ¢.

QFor { = 0, the phase angle is zero for 0<r<1 and 180° for r>1.
dFor any amount of { > 0 and 0<r<1, 0°<¢<90°.

dFor > 0 and r>1,90°<¢$p<180°.

—t 0OFor{>0andr=1, ¢=90°.

OdFor { >0 and r>>1, ¢ approaches 180°.




# Harmonically Excited Vibration

Variation of displacement with frequency :
We have:

F
1l I
Ja-r?F + (20r)

1. Atlow frequency (r —0) then |X|~ % which means the disp lacement

IS thes.s responseamplitude

o

IS Stiffness control.

2. Athigh frequency (r >>1) then [X|~ i
Ma?

IS Mass control.

3. At resonance (r =1) then ‘X‘

Is Damping control. (for small g)




# Harmonically Excited Vibration

0

Frequency of Maximum amplitude :
Thes.sresponseamplitude can be writtenas :

X| = % ((1— il (Zgr)z)

X|is maximum when di(m) =0
r

1/2

This condition gives :

X|is maximum when r = — = \J1-2¢* which is known as a
a)n

Resonance Frequency, i.e @, =w \J1-2¢7




#

Harmonically Excited Vibration

—0

Response of an Undamped System Under Harmonic Force
mx + kx = Fycos wt

xp(1) = Cycos wut + Casin wyt

F[) 85[
_ X = ;= _
wﬁ'
_ - Fy
v(1) = Cy cos w,t + C,sin w, + = COS wt




# Harmonically Excited Vibration

Response of an Undamped System Under Harmonic Force

. Fo
x(1) = Cycos w,t + Cysinw,t + = COS wi
k — mw~

Using the initial conditions x(t = 0) = xgand x(t = 0) = x

o Fy Xy
— C} = xo — 5 Cr = —
k — mw~ W,

. Fo X0\ . F,
x(t) = xg — 5 | cos wyt + | — | sin w,t+ 5 | cos wi
k — mw Wy k — mw




# Harmonically Excited Vibration

Response of an Undamped System Under Harmonic Force

Fo X0\ . Fy
x(r) = xg — S |cosw,t + | — |sinw,l+ _ | cos wr
k — mw” Wy, k — me?




# Harmonically Excited Vibration

Response of an Undamped System Under Harmonic Force
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# Harmonically Excited Vibration

Fy

(0]

x 1) =
X

]

xp(t) =

Hit)= Fycos wt

X cos wt

N\

0 < ww, <1.

Response of an Undamped System Under Harmonic Force

Fy
2 COs @i
k — mw
Hr)= F,cos wt
Fy
I\ N\
2 N
x 1) = — X cos wt
| /




# Harmonically Excited Vibration

Response of an Undamped System Under Harmonic Force

[ Fy Xo\ . F)
x(1) = | xp — 5 | cos w,t + | — | sin w,f+ 5 | cos wt
k — mw o k — mw

Xo . COS W — COS W,
x(1) = xgcos w,f + —sinw,t + &

Wy, " 2
l S I
- w, _

When w/w, = 1

d
—(cos wt — cos w,f) _
) COS Wf — COS w,t ) dw . I sin wt Wyt
Iim = lim = lim

Al o 2 w—>w, d wz w—>w, N w 2
1] — | — — 1 — — )
L W, _ L dw wﬁ N Wy




# Harmonically Excited Vibration

Response of an Undamped System Under Harmonic Force

Xg .
x(1) = xgcos w,t + —sin w,t
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# Harmonically Excited Vibration

Response of an Undamped System Under Harmonic Force

Beating Phenomenon

If the forcing frequency is close to, but not exactly equal to, the natural frequency

Fy X\ . F)
x(1) = xog — 5 | cos w,t + | — | sin w,f+ 5 | cos wt
| o k — mo Wy, k — mw

Xp — .X:n =0
(Fﬂf’f”f} (Fo/m) . W T wy, LW, —
x(1) = —5——=(coswt —cosw,t) = 5 5| 2sm t+ sin t
W, — ® wh; — ® 2 2




# Harmonically Excited Vibration

Response of an Undamped System Under Harmonic Force

Beating Phenomenon
Let the forcing frequency w be slightly less than the natural frequency:
w, — o = 2&

where & is a small positive quantity. Then w,, = w and

w + w, = 2w
Multiplication of Egs. (3.19) and (3.20) gives
w, — o = dew

The use of Egs. (3.19) to (3.21) in Eq. (3.18) gives

Fo/m . .
x(r) = sin et |sin wf
2ew




# Harmonically Excited Vibration

Response of an Undamped System Under Harmonic Force

Beating Phenomenon

Fy/m

2ea

1 .




q Transmissibility of displacement (support motion)

™~

Physical system:

m

jx ‘ J—I-_x

% The forcing function for the base excitation

+ ¥

T
wf)=}’ﬁinw! k(x—y) ok~ ¥)

v ol |

(b)

Mathematical model: M X+ C(X— y) + k(X T y) =0




q Transmissibility of displacement (support motion)

o

Substitute the forcing function into the math. Model:

M X +¢ X +kx =kY sin(at )+caX cos(at)=Asin(at —a)
Where :

A =Y \/k2+(ca))2 ,a:tanl(—crwj

Assume X (t)=Xsin(et —a—¢)  (Harmonic motion)

Y Vi + (co)? |
x,(1) = [(;; R ((-m}z_'-"lz sin(wt — ¢ — «)

_ cw
¢, = tan” 5
k — mw




q Transmissibility of displacement (support motion)

xp(t) = X sin(wt — @)

X[ e+ (cw)? J/[ |+ (24r)? J
Y Lk me)? + (o)) (1 - )%+ (20r)]

1 |: mew’ } i |: 2{}'3 :|
¢ = tan S 5 | = tan 5 5
k(k — mw”) + (wc)” I + (47 — 1)r”

The ratio of the amplitude of the response x () to that of the base motion y(7), %, is called

o

the displacement transmissibility. % =T,




q Transmissibility of displacement (support motion) A

Graphical representation of Force or Displacement
Transmissibility ((TR) and the Phase angle ()
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q Transmissibility of displacement (support motion)

The following aspects of displacement transmissibility, Ty = 3

1. The value of 7, is unity at » = 0 and close to unity for small values of r.

2. For an undamped system (¢ = 0), T, — oo at resonance (r = 1).

3. The value of 7 is less than unity (7,; < 1) for values of » > \/2 (for any amount of
damping {).

4. The value of T is unity for all values of £ at r = V2.

5. Forr < V2, smaller damping ratios lead to larger values of T;. On the other hand,
for r > \/2, smaller values of damping ratio lead to smaller values of 7.

6. The displacement transmissibility, 7, attains a maximum for 0 << { < 1 at the fre-
quency ratio r = r,, << | given by (see Problem 3.60):

1/2




q Transmissibility of displacement (support motion)

+Xx

Force Transmitted _1

m

.

l
& || e Wi1) = Y sin wt k(x— y)
K.
Base

(a)

F=kx—y) +cx—y) = —mx

xp(t) = X sin(wt — @)

F = mw>X sin (wt — ¢) = Frsin(wt — @)

m

o(x—y)

(b)




q Transmissibility of displacement (support motion)

=

S

Fr |+ (24r)° "
kY (1 — r)? + (2¢r)? =

Fr
kY

—




q Transmissibility of displacement (support motion)

Relative Motion
mx+c(x— y)+k(x—y)=0
7 =X — YV = mztcztkz=-—my= me’Y sin wt
| | mw?Y sin(wt — @)
(1) = 5 ,}lm:Zsin(wr—qb])
(k — mw”)” + (cw)”]'/~
mw’Y 2
Z = —y




Transmissibility of displacement (support motion)

Base motion
= )

r—Z

0

N

| I
+:§:um
£ = 0.10
;=015
;= 0.25
2= 0.50
Tu_i’: 1.00
0.5 1.0 1.5 20 25 3.0 35 4.0
iy
_)...;:w—




q Forced Vibration due to Rotating Unbalance

Unbalance in rotating machines 1s a

common

of

excitation. If M, is the total mass of

source vibration

the system, m is the eccentric mass
and ® is the speed of rotation, the
centrifugal force due to unbalanced

mass is mew? where e is the
eccentricity.
The vertical component (mea)z

sin(a)t) 1s the effective one because
it is in the direction of motion of
the system. The equation of motion

1S:

M, X+ ¢ X+ kx = mew? sin(«t)

3 .
@ _ Mmew”sin wl

ff

o T -
p— m ew-
(1) m ,
I m ew" cos wl

A\

FET TS

AN

L |

SIS

Al
: k

w

II é’ 0_,
j-&‘{u E.U‘su.lf“—

,, ew’

7 M/

—le

( sle | - -
ﬁw } - 4 ew” cos wf l

) i

0
v
2 ew®
sin wt 2




Forced Vibration due to Rotating Unbalance

X (t) = Xsin(wt — @)

i

X = = , or
1—r2) +(2¢r)°
(2¢r)
sl
Ll M, DL r?
\/(1—r2)2+(2§r)2 T \/(1—r2)2+(2;’r)2
and
| Laf 1 24'r
@ = tan [1_r2j




q Forced Vibration due to Rotating Unbalance

7 | |
+: ¢ = 0.00
> 6
=
2 [ = 0.10
> 4
£ {=0.15
~ = 0.25
<y 2
|
|
_K‘EZ 1.00
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—_— = wﬂ”




Forced Vibration due to Rotating Unbalance

1. All the curves begin at zero amplitude. The amplitude near resonance (w = w,,) is
markedly affected by damping. Thus if the machine is to be run near resonance,
damping should be introduced purposefully to avoid dangerous amplitudes.

2. At very high speeds (w large), MX/me is almost unity, and the effect of damping is
negligible.

1 :
3. For0 < { < ——=, the maximum of occurs when

\/2_’ me
4 (x)
dr \ me

The solution of Eq. (3.82) gives

1
r=——=>1

V1 - 272

MX
with the corresponding maximum value of —— given by
me

( MX ) B 1
me Jmax 201 — 2
Thus the peaks occur to the right of the resonance value of r = 1.

I [MX
val

me
1 at r — 00,

4. For{ = } does not attain a maximum. Its value grows from O atr = 0 to




Transmissibility of Force

If the deflection of foundation is neglugible,
then the force transmitted to the foundation iIs

Fel” =kx +cx
Assume harmonic motion ie, x =Xe!“
(kK + j ac)Mmew?

Ftr:((k—a)th)+jcoc)
=S Vi+ () me o°
IR A A2 e 2D
LR e Rl VIr@rY

mew,” . f-r2)?+(2cr)?




Transmissibility of Force
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Whirling of Rotating Shafts

re = (x+ecoswt)i+ (y+ esinwt)]j

2 2

ac = (X —ew” coswh)i+ (y — ew” sinwt)j




Whirling of Rotating Shafts

To derive the equations of motion, we assume that the only forces acting on the
disk are restoring forces due to the elasticity of the shaft and resisting forces due to
viscous damping, such as caused by air friction. The elastic effects are represented by
equivalent spring constants k and k, associated with the deformation of the shaft in the

x and y directions, respectively. Moreover, we assume that the coefficient of viscous
damping 1s the same in both directions and equal to ¢. The elastically restoring forces
and the viscous damping forces are acting at point S.

2

—kyx —cx =m(X —ew” coswt)

—kyy—cy=m(¥ —e;uz sinwt)

X4+ 2Ccwnx + wf‘;xx = ew” coswi

¥+ 2Cywnyy + w;‘:yy = ew? sinwt
C k
<_I == L] wnx - i
2mMw,, . m
C k
— , W == —
Cy 2mwyy " m




Whirling of Rotating Shafts

¥4 2Cwpr X +w? x = ew’ coswt

_ _ 1
Gz tw)| = {f1r— (w/wnx)z]z + (2Cxw/wnx)2}1/2
x(t) = [X(w)|cos(wt — ¢y) b=t o 2o /W
T T @)
Y+ 20 wpyy + w:;yy = ew” sinwt
|Gy (iw)| =

{n- (W/wny)zlz + (2Cyw/wny)2}1/2
y(1) = |Y(w)|sin(wt — ¢y)




Whirling of Rotating Shafts

We consider first the most common case, namely, that of a shaft of circular cross

section, so that the stiffness is the same in both directions, k, = y =k.

Whx = Wpy =W = 4] —, Q:g,::(::

1 |
{1 — (/w2 + 26w/ wn )12

_ ] 2Cw fwy
Pr = Oy = 0= T )

Ga(iw)| = |G, (i0)] = G iw)| =

W

2
|X(wn=|¥(w>|=e(i”—) G (iw)|

W 2
x(1) =e (w—) G(iw)| cos(wt — ¢ )

it

W 2
y0) =¢( ) GG sin(er — )

it




Whirling of Rotating Shafts

5 |
ros = \fxz +yt=¢ (i) |G (iw)| = constant

i




Whirling of Rotating Shafts




Whirling of Rotating Shafts

Next, we return to the case in which the two stiffnesses are different and consider

the undamped case, ¢ = 0.

.XI(I) = [X(w)lmjs(b-’f — ®y) .)’(t) — \Y(W)\ Sin(‘?‘-;t - ‘:b‘;)
—> x({) = X(w)coswt y(t) =¥ (w)sinwt
X (o) — e(w [unx)? | V() — e(w/wny)*
T — (w/wn)? T L (w/wny)?
x>y _Y_
— X2+Y2=1 tang—;-—i‘tan&»:'f




Whirling of Rotating Shafts

Y . |
tané’:i:—-tanwr —p §= XY W

X X  X2cos2wt 4+ ¥2sin? wr

1. w < wyx and w < wyy. In this case, we conclude from Egs. (3.76) that XY > 0, so
that point § moves on the ellipse in the same sense as the rotation w.

2. Wpy < W < Wyy OF Wyy < W < Wyy. In cither of these two cases XV < 0, so that §
moves in the opposite sense from w.

3. w>w,, and w > Wpy. In this case XY = 0, so that § moves in the same sense as w.

Slcle

WO<@Opy and O<Opy O <O<Opy OF Oy <O <Oy O> By and ©> @y,
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° Example 3.1: Plate Supporting a Pump:

A reciprocating pump, weighing 68 kg, is mounted at the middle of a steel
plate of thickness 1 cm, width 50 cm, and length 250 cm. clamped along
two edges as shown in Fig. During operation of the pump, the plate is
subjected to a harmonic force, F(t) = 220 cos (62.832t) N. it E=200
Gpa, Find the amplitude of vibration of the plate.

s

o
1 cm I-’f ‘;‘-I
:H l : . _/ | i
7 TE®). *0
< 250 cm -




s

° Example 3.1: solution

e The plate can be modeled as fixed — fixed beam has the
following stiffness:

_ 192E

|3

k

But | = %th - %(somo2 Jix10?J' = 41.667x10°m*

_ 192(200x10° [41.667x10°°)

k
il (250x10°2 f

=102,400.82 N /m

¢ The maximum amplitude (X) 1s found as:

se L 1] 220

= = =—-1.32487 mm
k—me® 102,400.82—68(62.832)
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Example 310

Find the total response of a single—degree—of—freedom system with m =

10 kg, ¢ = 20 N-s/m, k=4000 N/m, x, = 0.0lm and >&& when

an external force F(t) = F cos(wt) acts on the system with F, = 100 N and
0 = 10 rad/sec .

Solution

a. From the given data

Wy = 1_§2a)n
L1 s L —4000 =20rad /s
ol TN E NG T w, =+/1-0.05%(20)
C 20

w, =19.975rad /s

0.05

d|=

2maw,  2(10)(20)

n

r = tH =1O=O.5
20




Example 322

Solution
F 100 vi Og
Ol | =0 — 0.025m S| X| = =0.3326m
"k 4000 i Ja-r2Y +(2cry

¢ = tanl( ad 2 j =3.814°

1-r
eTotal solution:
*X(t) =X, (t) + X (1)

'é/a)nt 11
X () = Ae cos(a)d t-y) + ‘X‘ cos(wt-0.066)

-0.05*20t
X () = Ae c0s(19.97t-w ) + 0.3326c0s(20t-0.066)

-/




att=0, x (t)=0.01m

O = Acosy + 0.3326*c0s0.066

. Acosy = —0.33187 (D

X (t) = Ae "t cos(19.97t-1) + 0.3326c0s(20t-0.066)

X (t) = Ae Tt *-19.97sin (19.97t-1) + A cos (19.97t- ) *(-t)e ™
—0.3326*20sin(20t-0.066)

att=0, X (t)=0

-.0=19.97A siny +0.438, Asiny =-0.0219 (2)
From (1) and (2) w = 0.066 rad and A =-0.3325

- X(t) = -0.3325¢ ™ c0s(19.97t-0.066) +0.3326c0s(20t-0.066)




ENERGY DISSIPATED BY DAMPING

Viscous Damping

)

F(t)=F,sinat

T o9 AN

| |
N o

(b) Free-body diagram x(1) F(1)

L ¢

F = kx + cx




ENERGY DISSIPATED BY DAMPING

Viscous Damping

x = Xsin (ot — ¢)

x=wXcos(wt — ¢) = + 0XV1 - sin? (ot — ¢)

= + VX - x?

Fq
Fy=ci= *coVX -2 T
'&




ENERGY DISSIPATED BY DAMPING

Viscous Damping

F = kx + cx
x = Xsin (ot — ¢)

F =kX sin(wt—¢)+cX wcos(wt—¢)

= kx iCa)\/X *—(X sin(a)t—¢))2

F oA 2
= kx £ coVX" — x°

coX

NANNANNNNNNNNN

L ¢

l

x(1)

}

F(t)

C‘w\"f XE _ J(Z




ENERGY DISSIPATED BY DAMPING

Viscous Damping

W, =36mzdx - fﬁcﬁm

N 27w
= cszzJ cos?(wt — ¢) dt = mcwX?

0




ENERGY DISSIPATED BY DAMPING

hysteresis damping

Stress (force)

-

Hysteresis Loading

loop

Unloading

» Strain
/ (displacement)

Area

x(1)

AW = mhX?

F(1)




EQUIVALENT VISCOUS DAMPING

hysteresis damping |

n |->-_u[f}

AN

> [{t) = Fysin wi

k

s

@ I—»_u(f]

ASRARMARRRNRAY

;‘Eiiiij'\ m

- F{1) = Fjsin wi

I




EQUIVALENT VISCOUS DAMPING

W :Wd —S

d-v

ﬂ'CeqC()X 2 = 7hX : —— Ceq —

. . 1wi
F = kx + cx x = Xe

F = kX + coiXe'™ = (k + iwc)x

_ /
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EQUIVALENT VISCOUS DAMPING
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EQUIVALENT VISCOUS DAMPING
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Coulomb damping
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Coulomb damping
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EQUIVALENT VISCOUS DAMPING

mx + kx £ uN = F(t) = Fysin wt

AW = 4uNX AW = TCeq®W X 2 ——lp _ 4N

TwX

— mX+(4ﬂN jx +kx =F,sin(wt)
TOX

x(1) = Xsin(wt — ¢)

(Fo/k) | —
X = 2\2 2 71/2 -1 Ceq® tan” mhX b
- AT = tan = 5
1 = w_1 + duh ¢ k — mw? w"
w;; kX 1 = —




EQUIVALENT VISCOUS DAMPING

wlo
n

¢ =*tan

oo
n




